In this report, we focus on the consequences of controllability and observability on the number of distinct exponential terms in the fluorescence decay and on the identifiability analysis of the photophysical model of intermolecular two-state excited-state processes.
Introduction
Time-resolved fluorescence is a valuable tool available to the photophysicist for investigating the dynamics of excited-state processes. 1, 2, 3 When a specific model is proposed to describe the kinetics of fluorescence relaxation, initially one should investigate if the underlying parameters defining the model can be determined unambiguously from error-free fluorescence decay data. This is the topic of the deterministic (or a priori) identifiability (or identification) analysis. 4, 5, 6, 7 The term a priori indicates that the analysis can (and should) be done before a proposed experiment is carried out. Identifiability is of great practical importance because it tells one which information is theoretically accessible from the fluorescence decay surface and therefore, it allows one to evaluate if the parameter estimation can succeed at all.
Since the first identification analysis of an intermolecular two-state excited-state process, 8 identifiability studies of a broad range of photophysical models of intermolecular as well as intramolecular two-state and three-state excited-state processes have been reported (see Refs [9] and [10] for literature data). Recently, we have described identifiability analyses of models for rotational diffusion monitored by timeresolved fluorescence depolarization 11, 12, 13, 14, 15 and of models for fluorescence quenching in aqueous micellar systems. 16, 17 In this report, we introduce the important concepts of controllability and observability into the field of photophysics. It will be shown that the investigated non-controllable or non-observable, intermolecular, two-state excited-state system always leads to singleexponential fluorescence δ-response functions instead of the bi-exponential ones found for controllable and observable systems. Controllability and observability are useful concepts to investigate systematically the cases where mono-exponential fluorescence decays are observed. We will also illustrate -using the same, relatively simple, photophysical model -that controllability and observability are both required for the similarity transformation criterion to identifiability to be applicable. Indeed, the identification analysis via similarity transformation leads to erroneous results for this photophysical system when it is not controllable or not observable.
2. Time-resolved fluorescence, controllability, and observability of the photophysical system of intermolecular two-state excited-state processes
Consider a linear, time-invariant, dynamic, intermolecular photophysical system, consisting of two different ground-state species (labeled 1 and 2), which is photoexcited with a pulse u(t) as shown in Figure 1 . Photo-excitation creates, in principle, two corresponding excited species (labeled 1 * and 2 * , respectively). As a response to that input, the concentrations x * (t) of the excited species 1 * and 2 * change as a function of time t and can be described by the following differential matrix equation: 
and 
where c j = (c 1j c 2j ) 19 and the subscript j refers to the emission wavelength em j λ dependence of the spectral emission coefficients c.
Integration of eq 1yields x * (t) [4] [5] [6] 18 and substitution of x * (t) in eq 4 gives
with the fluorescence δ-response function f(t) given by [4] [5] [6] 18 
The triple (A,
Now we introduce the important notions of controllability and observability 5, 7, 20 into photophysics. The photophysical system is controllable if an input u can be constructed which will bring x * to any preselected state in a finite amount of time. 20 The 2 × 2 controllability or reachability matrix R for the photophysical system of intermolecular two-state excited-state processes is defined in eq 7: 
with a mn defined by eq 3. The photophysical system is controllable if and only if the associated controllability matrix R is of rank 2, 5, 7, 20, 21 or, equivalently, if det R ≠ 0.
The following two cases reduce the rank of matrix R to 1: Figure 2b) and the system is not controllable under these conditions. Then, a mono-exponential f(t)
is found:
< Figure 2 >
The criterion for observability in terms of the matrices of the photophysical system is analogous to that of controllability. The current photophysical system described by eqs 1 and 4 is observable if and only if the 2 × 2 observability matrix O (eq 10) is of rank 2, To have an observable system, a 12 must be different from zero. If a 12 = k 12 = 0 and c 2j = 0, the photophysical system is not observable (because 2 * is not observable, Figure 3a ) and a single-exponential f(t) is found:
(b) If c 1j = 0 (i.e., the fluorescence of only excited species 2 * is being monitored at
we have det O = -a 21 c 2j 2 . To have an observable system, a 21 must be different from zero.
If a 21 = 0 and c 1j = 0, the photophysical system is not observable (because 1 * is not observable, Figure 3b ) and the mono-exponential f(t) is given by:
< Figure 3 >
In the previous paragraphs, the non-controllable or non-observable systems depended exclusively on the excited-state exchange coefficients (a 21 or a 
It should be noted that the mono-exponential functions f(t), described by eqs 14 and 16, have not been described before.
Identifiability via similarity transformation of the model for intermolecular twostate excited-state processes which are non-controllable or non-observable
The true realizations (A, b i , c j ) and the alternative realizations ) , , 
where T is a constant, non-singular (i.e., invertible) matrix (det T ≠ 0) having the same (2 × 2) dimension as A. The matrix T should be independent of the experimental conditions 
Now we shall show that controllability and observability are both required for the similarity transformation approach to lead to correct conclusions. It must be emphasized, however, that controllability and observability are not sufficient conditions to guarantee identifiability of the model. 
From the multiplication in eq 17b, we obtain From eq 21a, we have that t 3 = 0, so that from eq 21b we have that the alternative 2 c is known up to a scaling factor (t 4 must be different from zero to have an invertible T matrix).
The single-exponential f(t) (eq 12) for this non-observable system does not contain k 01 , so it is impossible to identify k 01 . Also for the non-observable system, the identification via the similarity transformation technique leads to erroneous conclusions. 
3.C. Non
From eq 17b, we obtain
From eq 23b with b 2i ≠ 0 we can conclude that t 4 ≠ 0 and i b 2 ≠ 0, so that from eq 23a we have that t 2 = 0. Now eq 22a with t 1 ≠ 0 (non-singular T matrix!) simplifies to The single-exponential f(t) (eq 9) for this non-controllable system does not include k 01 and k 21 . Hence, it is impossible to identify these rate constants. Once more, the identification via similarity transformation leads to incorrect conclusions for the noncontrollable photophysical system. 
3.D. Non-observable system with a
From eq 24b, we have that t 2 = 0, so that from eq 24a we have that the alternative j c 1 is known up to a scaling factor (t 1 must be different from zero to have an invertible T matrix).
The mono-exponential f(t) (eq 11) for the non-observable system does not contain k 02 ;
hence, it is impossible to identify k 02 . Once again, these results are in disagreement with those from the identification via similarity transformation. we have studied the identifiability of the controllable and observable, intermolecular, two-state excited-state system via the similarity transformation approach. The identifiability analysis for the non-controllable system is formally equivalent to that described in Ref [10] , but one has to exploit the required independence of t i of the 
3.E. Non-controllable and non-observable systems with
Yet again, the identification via similarity transformation indicates that for the noncontrollable and non-observable, intermolecular, two-state excited-state systems more distinct parameters could be identified than is possible from the mono-exponential f(t) = α exp(γ t) (eqs 14 and 16). Indeed, for the non-controllable system, it is impossible to determine the separate model parameters from γ = -(
Similarly, for the non-observable system, the individual model parameters cannot be determined from γ = -[c 2j (k 02 + k 12 ) -c 1j k 12 ] /c 2j (see eq 16).
Discussion and conclusions
In the deterministic identifiability analysis, the central question is whether it is possible to find a unique solution for each of the unknown parameters of the proposed model, assuming perfect (i.e., without noise) data. Identifiability is also of importance in the design of time-resolved fluorescence experiments (choice of excitation, ex λ i , and emission, em λ j , wavelengths; the number and the nature of the used co-reactant concentrations; the need to add quencher to the photophysical system; etc.) that lead to unique solutions. A number of alternative approaches to identifiability analysis are available and have been employed for the analysis of the identification of common photophysical models. We have extensively used Markov parameters and elementary functions of the rate constants for this purpose (see literature references in [9] and [10] ).
This identifiability method is closely related to the Laplace transform approach (or transfer function approach). 4 The Taylor series expansion of the fluorescence δ-response function f(t) is an alternative method, which was used in the identifiability of fluorescence quenching of stationary probes by mobile quencher molecules in micelles. 17 The advantage of the Taylor series expansion of f(t) is its applicability to nonlinear models.
Similarity transformation is a powerful identifiability technique because it offers an excellent method of finding an alternative realization ) , , An extra bonus of the similarity transformation approach is that the relationships between the true and alternative model parameters are explicitly provided by eqs 17a-c. However, the disadvantage of this identifiability technique is that one should not apply it when the conditions for its validity do not hold (i.e., both controllability and observability). 7 One can convincingly argue that -since there are several other identification methods -one can always use a quite straightforward technique (e.g., transfer function approach) for which controllability and observability are not an issue.
There is, however, another important feature to controllability and observability in photophysics without direct relation to identifiability methods. Indeed, non-controllable or non-observable systems are found whenever the rank of the matrices R and O, respectively, is reduced. For the intermolecular, two-state excited-state system studied, rank R = 1 for the non-controllable system and rank O = 1 for the non-observable system.
For the controllable and observable photophysical system, one always observes two 
